Abstract: This paper presents a new approach for the optimization of GARCH parameters estimation. Firstly, we propose a method for the localization of the maximum. Thereafter, using the methods of least squares, we make a local approximation for the projection of the likelihood function curve on two dimensional planes by a polynomial of order two which will be used to calculate an estimation of the maximum.
Introduction
The modeling of time series is applied today in fields as diverse (econometrics, medicine or demographics....). As it is a crucial step in the study of time series, it has undergone a great evolution during the last fifty years and several models of representation have been proposed. In 1982, Engle [4] proposed the conditionally heteroskedastic autoregressive (ARCH) model, which allowed the conditional variance to change as a function of past errors over time, while leaving the variance unconditional constant. This model has already proved useful in the modeling of several phenomenas. In Engle [4, 5] and Engle and Kraft [6] , models for the inflation rate are constructed recognizing that the uncertainty of inflation tends to change over time. In 1984, Weiss [14] considered the ARMA models with ARCH errors. He used these models for the modeling of sixteen US microeconomic time series. In 1986, Bollerslev [1] proposed a generalization of these ARCH models to the Generalized AutoRegressive Conditional Heteroskedasticity (GARCH) models, whose the variance in the present depends on its past and the process past. As it studied the conditions of stationarity and the structure of the autocorrelations for this class of models. The GARCH family contains a number of parameters which must be estimated on actual data for empirical applications. The estimation of the parameters returns to calculate the maximum of the log-likelihood function which is non-linear, this leads to the use of non-linear optimization methods. Several optimization methods are used, including The Nelder-Mead method, BGFS method and others :
• Nelder and Mead [11] introduced their method using only the likelihood function values. Altough their method is relatively slow, it's robust and leads to results for the non differentiable functions. In their turn Fletcher and Reeves [9] have introduced the method of the conjugate gradient which does not store matrix.
• In 1970 Broyden [3] , Fletcher [8] , Goldfarb [10] and Shanno [12] have published simultaneously the method entitled quasi-Newton (noted BFGS), which uses the values and the gradients of function to construct an image of the surface to optimize.
• In 1990 David M. Gay [7] have published a technical report in which he proposed a method intitiled optimization using PORT routines (noted OPR).
It is common knowledge among practitioners that the GARCH parameters are numerically difficult to estimate in empirical applications. The existant numerical algorithm can easily fail, or converge to erratic solutions. Therefore, the resulting fitted parameters must be examined with a healthy dose of scepticism. In this work, we propose a new algorithm in which we exploit the asymptotic convexity of the likelihood function. We will develop a method to locate the maximum value instead of using the confidence intervals resulting from asymptotic normality of the estimated parameters thereafter and as in [2] , we approach the likelihood function by a quadratic form that we use to calculate an approximation of the maximum.
The GARCH model and its likelihood function
The GARCH(p, q) process was introduced by Bollerslev [1] as solution for the system of equations:
Let's note θ = (ω, α 1 , ..., α p , β 1 , ..., β q ) ∈ R p+q+1 the vector of unknown parameters, with ω > 0,
is a sequence of normal random independent and identically distributed satisfying the standard assumptions E(ε t ) = 0 and Var(ε t ) = 1. The ARCH(q) is an GARCH(0, q) The conditional likelihood of X expresses as, up to an additional constant,
with
The quasi-likelihood L n is obtained by plugging in L n the approximations σ 2 t = σ 2 t (X t , ..., X 1 , u n ), where u = (u n ) n∈N is different of zero only for finitely many n ∈ N,
Remark that unobserved values (X t , t ≤ 0) have to be fixed a priori equal to (u n ) n∈N in the quasilikelihood L n . In the next proposition, we give a necessary and sufficient condition for the process stationarity.
Proposition 2.1. The GARCH( p, q) process as defined in (2.1) is wide-sense stationary with
and Cov(ε t , ε s ) = 0 for t = s if and only if
Proof 1. This result is proved by Bollerslev in [1] .
The condition (2.2) implies that 0 ≤ α i < 1, ∀i = 1, p and 0 ≤ β j < 1, ∀j = 1, q. Else, we define the stationarity set
3 Necessary tools 3.1 Convexity W.C. Ip and al. [13] have proved the convexity of the negative likelihood function in the asymptotic sense for GARCH models. This property allows us the local approximation of this function in the Neighborhood of its minimum by a polynomial of degree two.
Proposition 3.1. Suppose Θ 1 is an arbitrary compact, convex subset of Θ 0 and f n (θ, ) the second derivative of L n (θ). Then there exist a constant C > 0 and a set Ω with P (Ω) = 1 satisfying that for each ∈ Ω and θ ∈ Θ 1 , there is a positive integer N ( , θ) such that
Localisation method
In this part, we propose a method to search for a block of the form Π
]θ i , θ i [ containing the maximum sought-after. The method is based on the principle of dichotomy applied for projections of the likelihood function on a plane with dimension two, we follow the steps 1. We search a point ω that verifie L 1,n (ω, 0.5, ..., 0.5) > 0, where L i,n is the i order derivative of the likelihood function with respect to ω.
2.
We put θ i = 0.0001, ∀i = 1, p + q + 1 and
We repeat the step 3 until θ i − θ i ≤ 0.05, ∀i = 1, p + q + 1.
Calculation procedure
To calculate the maximum likelihood, one passes by the following steps 1. Calculate confidence intervals for the unknown parameters using the localisation method.
2. Make a subdivision of m elements (θ ij ) j=1,m for all the confidence intervals (I i ) i=1,p+q+1 .
Calculate the function values
Which is a cut for the curve of the likelihood function on the diagonal plane of the confidence region.
4. Numerical approximation for the orthogonal projection of the log likelihood function cut by polynomials of order two taking the form a 0 + a 1 θ i + a 2 θ 2 i : we use the least squares method.
5. Calculate these maximum.
Example of application ARCH(1)
The ARCH(1) process is presented as solution of the system
where ω > 0 and 0 < α 1 < 1. Let be (x t ) t=1,100 the simulated first order conditionally heteroskedastic autoregressive time series ARCH(1) with (ω = 0.8 and α 1 = 0.3) presented by the table 3. We plot this time series as function of time The log likelihood of an ARCH(1) process is given by
to obtain L n we replace (X −i ), i ≥ 0 by zero. Now, we proceed to the calculation of the maximum likelihood using our method 3. We calculate the function values on the diagonal plane of the confidence region, which give the table 3.
Using the least squares method, we calculate approximations of
,100 the orthogonal projections of the likelihood function curve cut
on the planes (o, ω, ln(ω, α 1 )), (o, α 1 , ln(ω, α 1 )) respectively. Table 3 : Table of (ω, α 1 ), L n (ω, α 1 ). The Figure 3 illustrates the projection of the cut of the likelihood function on the plane (o, ω, ln(ω, α 1 )) and its approximation
Numerical comparaison study
To illustrate the performance of the proposed method, we compare it with some popular methods (BGFS, Simplex and OPR) usually used in the Time series parameters calculation. We applied these methods to 1000 independent replications of two ARCH(1) process (one with ω = 1.2, α = 0.6 end the other with ω = 0.7, α = 0.4 for different sample size n = 100, n = 200 and n = 300, thereafter we compute the root-mean-square error (RMSE) RM SE(ω) + RM SE(α 1 ) of the resulting Table 4 . Table 4 : Root Mean Square Error of our method, BGFS, Simplex and OPR for an ARCH (1) processes.
Conclusion of the numerical comparaison results:
On the one hand, it is clear that the RMSE decreases as the sample size increases, which validates the theoretical results (consistency of the estimators). On the other hand, Table 4 show that our method provides more accurate estimation than the BGFS, Simplex and OPR methods.
